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Abstract

Sampling at the Radon image grid determines sinusoidal waves that embed low-pass filtering
characteristics. This paper describes and evaluates a newly proposed frequency domain adaptive filter
by the name of Sinc Filter (SF). The Sinc Filter consists of an image whose pixels are the numerical values
of the Sinc function computed at the Radon image space coordinates. The Sinc filter has two
configurations. The first configuration is determined by numerical values of bandwidth and sampling
rate that obey the sampling theorem. The second configuration is determined by the adaptive
bandwidth and the value of the sampling rate. The pixel-local scaled k-space is the measure of the
adaptive bandwidth, and it consists of the normalized k-space magnitude of the departing image. The
Sinc Filter is then Fourier transformed or Z-transformed to obtain a frequency domain filter. Image
smoothing is determined through: 1. The Fourier convolution theorem, which uses the frequency
domain called k-space, and 2. The extension of the Fourier convolution theorem to Z-space, which uses
the frequency domain called Z-space. For the two configurations, SF performance is compared to the
performance of six frequency domain filters. Three filters make use of the k-space, and three more
make use of the Z-space. The filters use Bessel, Butterworth, and Chebyshev based computed transfer
functions. The Sinc Filter can smooth the images. The novelty of this paper is the adaptive frequency
domain filtering procedure.

Keywords:
Fourier convolution theorem, Sampling theorem, Sinc Filter, Pixel-local scaled k-space, Smoothing,
High-pass filtering.

1. Introduction

This research introduces an adaptive frequency domain filter called a Sinc Filter. Adaptive, in this study,
refers to the pixel-by-pixel change of the Sinc Filter bandwidth through the pixel-local scaled k-space,
rather than adaptive filtering in the traditional signal-processing sense. The Sinc Filter identifies its
essential qualities by four equivalences [1]. 1. The signal processed by the Sinc Filter is a two-dimensional
Magnetic Resonance Imaging (MRI) image. 2. The structure defining the relation between the input image
and the filtered image is the Sinc Filter, which is conceptually equivalent to the transfer function. 3. The
parameters within the structure are the Sinc coefficients, and they determine the pixel brightness of the
Sinc Filter. 4. The algorithm is the step-by-step set of instructions for the calculation of the sampling points
in the Radon coordinate system [2]. Overall, the elaboration on the four equivalences is possible through
the knowledge reported in Williamson (1999) [1]. The Sinc Filter can be non-adaptive by not embedding
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the frequency content of the MRI image, and conversely, adaptive by embedding the frequency content
of the MRl image. Hence, the Sinc Filter has two configurations. The first one uses the values of bandwidth
and sampling rate that comply with the sampling theorem [3]. The second one uses the estimate of
bandwidth and a given value of the sampling rate. The estimate of the bandwidth is the pixel-local scaled
k-space [4].

2. Materials and Methods

Radon-based sampling done in this research is not the same as that sampling done when the objective is
the calculation of the sinogram of the image. In the Radon-based coordinate sampling grid used in this
research, the grid point is defined by a pair of coordinates (X, k), ¥, «)) as per equations (1), (2), (3) [5].

Xz k)| _ (cos(ar)  sin(ag) Sk
=\ o _ : €Y)
Yz, k) sin(ay) cos(ay) Zy
Which implies that

X(z, k) = Sk " cos(ay) + zj - sin(ay) 2
Yz, k) = Sk sin(ay) — zj - cos(ay) 3)
Xz k) — Zk Sin(ay)
= 4
Sk cos(ay) )
Sk sin(ag) — Yz, k)
= . 5
Zk cos(ayg) ®)

The Radon-based coordinate system is used in this research to calculate the Sinc Filter by making use of
the procedure outlined in this section. Equation (6) introduces the normalized angle a; between the X
axis of the XY Cartesian coordinate system and the Radon-based coordinate system [2].

27 -i-jl-k |
ay =—————;withk=1,2..N (6)
[N - N, - N, ]

In Eq. (6),i =0,1..Ny, —1; j =0,1...N, — 1; Ny is the number of image pixels along the X direction;
and N,, is the number of image pixels along the Y direction. N is the number of times the cycles of
iterations repeat themselves as they are set by the counter k. The angle ) changesfori = 0,1...N,, — 1;
j=0,1..N, — 1, and then it changes again when k = 1,2 ... N. The angle a;, € [0, 27| determines the
number of sinusoidal-like profiles that control the filtering properties of the Sinc Filter. In this paper, N =
1 or N = 5. The cycles of iterations set by the counters i and j are controlled by two ‘for loops’. a;, is
calculated N, - N,, times to sample the whole Sinc Filter while covering all directions in the sampling grid.
The terms in equations (2) and (3) are calculated by Eq. (9) and Eq. (12) [2].

. Ny . .
dx=1—7;w1thl=0,1...Ny—1 (7)

N
dy=j—7x; withj=0,1..N, —1 (8)
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. dx 9
Sk = cos(ay) )
Ay(z, 1) = Sk - sin(ay) (10)
. ym
dy(z, k)d: Zy * sin (E - ak) (11)
Z = % (12)
sin (7 - ak)
sin (z — ak) = cos (ay) (13)
2
cos (E — ak) = sin (ay) (14)
2
The validity condition for Eq. (6) is met when k = 1,2 ... N; because ak € [0, 2m]. Also, whenk=1and N
=1, [[ZNH'; ]]] [0, 2m]. The geometrical meaning of a; = [ j]] is that this angle, with changing
x Ny x' y

counters i and j, makes it possible to sample all directions (sk, zx). The angle ; is calculated N, - N,,
[2m-ij]

[Nxhy ]

coordinates (X(;, k), Y(z k))- The justification for this rationale is to calculate the Sinc Filter, which is a
task completely different versus the calculation of the Sinogram. To calculate the Sinc Filter, the sampling
point in Radon-based coordinates (x(;, k), Y, k) is given by equations (2), (3), (9), and (12), and it is
used in the Whittaker-Shannon interpolation formula (see Eq. (15), Eq. (16), Eq. (20), and Eq. (21)). The
Sinc functions used to calculate the first configuration of the Sinc Filter are formulated by Eq. (15) and Eq.
(16), which are found in [2] (where they are named Equations (6) and (7)).

times to sample the whole Sinc Filter. The rationale of a; = is to sample unevenly Radon-based

N
Since, ) = Sinc {n -[2.0-3- Xz k) — (p—%)-S]};kzl,Z...N (15)

N
Sincey, k) = Sinc {n -[Z.O-B- Y k) — (s—Ty)-S]};k=1,2...N (16)

The couple of B (bandwidth) and S (sampling rate) comply with the sampling theorem [3]. Eq. (15) and
Eg. (16) are the Sinc functions used in the Radon-based coordinates sampling grid coordinates
(x(z_ k) Yz, k)); withp =0,1..N, —1,ands =0,1...Ny, — 1. The Sinc function has filtering properties.
The first configuration of the Sinc filter is Eq. (17), consistent with what is reported in [2].

1(,)) = ZZ Sincy, iy Sincy, k) 7)

s=1p=1

Furthermore, the pixel-local scaled k-space B*(x, y) [4] is defined as

. _(M&y) - w) 1
B(x,y)—( o > (max—min) (18)
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M (x,y) is the k-space magnitude at each pixel location (x,y), and y, o are its average and its standard
deviation. The symbols max and min are the maximum and minimum values of M(x, y). The pixel-local
scaled k-space B*(x, y) is transformed using the function given in Eq. (19) [4].

z_f
[z_f + e B"(x))]

B(x,y) = (19)

Where z_f €[0.1, 1.0], and ARSinc, and ARSinc,, in Eq. (20) and Eq. (21) are the adaptive Sinc functions.
The Sinc functions used to calculate the second configuration of the Sinc Filter are formulated by Eq. (20)
and Eq. (21). The scientific novelty of this paper is the second configuration of the Sinc Filter, which is, the
adaptive frequency filtering methodology based on the use of Radon-based sampling and the pixel-local
scaled k-space. Indeed, this paper describes an adaptive frequency domain filtering method that uses
Radon-based sampling and Fourier/Z convolution theorems. The image is filtered in k-space (or Z-space)
by means of a transfer function sampled in Radon-based coordinates. The Radon-based coordinates
(X(z, k) Y(z K)) are used alongside with the pixel-local scaled k-space B(x,y) by Egs. (20), (21), and (22).

ARSinc, = Sinc {n -[2.0 "B, y) - Xz, 1y —S "B, y)- (p —%)]} (20)

ARSincy, = Sinc {n -[2.0 "B(x%,y) * Y@z v—S "B(x,y)" (s —%)]} (21

The second configuration of the Sinc Filter is calculated using Eq. (22).

Ny Ny

1(i,)) = ZZ ARSinc, - ARSinc,, (22)

s=1p=1

Note that Eqg. (20) and Eq. (21) in this paper differ from equations (6), (7) found in [2]. In equations (6), (7)
in [2] B is the bandwidth. In Eq. (20) and Eq. (21) in this paper, the term B(x, y) is the adaptive bandwidth.
In this paper, Equations (15), (16) are the same as Equations (6) and (7) in [2] and are used to calculate
the first configuration of the Sinc Filter. Whereas Eq. (20) and Eq. (21) in this paper are used to calculate
the second configuration of the Sinc Filter. Regardless of the configuration, the Sinc Filter is an image
space map conceptually equivalent to the filters’ transfer function, like Bessel, Butterworth, or Chebyshev.
The Sinc Filter is the object of a one-dimensional Fourier transform (or Z-transform). This transform is
used by the Fourier convolution theorem [6] (or its extension to Z-space) [7] to determine filtering in the
frequency domain.

3. Results

3.1. Merge with Existing Methods
This section reports the merge of the Sinc Filter (SF) with six frequency domain filters. The filters used for
the merge are Bessel in k-space and Z-space, Butterworth in k-space and Z-space, and Chebyshev in k-
space and Z-space. Figures 1, 2, and 3 provide evidence of the effectiveness of the filtering procedures
combining the use of the specific frequency domain filter with the SF. Figures 1, 2, and 3 display images
calculated using the program by the name ‘ImageReconstruction2025v1’ (see top row in Table 1) hence
using the second configuration of the Sinc Filter (the adaptive SF). Figure 1 shows the combination of the
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Bessel filter and SF. Figure 2 shows the combination of Butterworth filter and SF. Figure 3 shows the
combination of Chebyshev filter and the Sinc Filter. The figures show two k-space filtering procedures (see
the top row and the third row from the top), and two Z-space filtering procedures (see the second row
from the top and the bottom row). Table 2 is composed of three sub-tables. The sub-table positioned at
the top is illustrative of Figure 1. The sub-table positioned in the middle is illustrative of Figure 2. The sub-
table positioned at the bottom is illustrative of Figure 3. Bessel, Butterworth, and Chebyshev filters use
the values of cut-off frequency, number of poles, bandwidth and sampling frequency reported in each
sub-table. The Z-transform makes use of the complex number reported in the table. The second
configuration of the Sinc Filter uses the value of sampling frequency reported in the bottom row of each
of the three sub-tables.

Table 1. Filtering procedures and experimental settings. First column from the left: calculation of k-space or Z-
space of TF using Bessel, Butterworth, or Chebyshev polynomials. In the second and third columns from the left,
the table refers to the first and second configurations of the Sinc Filter, respectively. In fact, the Sinc Filter is
calculated either: 1. non-adaptively by a couple of bandwidth and sampling rate values that are chosen to fulfil
the sampling theorem (first configuration ON, second configuration OFF); or 2. adaptively by means of the pixel-
local scaled k-space (first configuration OFF, second configuration ON). The rightmost column shows the names
of the software programs that implement filtering procedures. Ten software programs aid the development of
this research.

Calculation of the Calculation of the Calculation of the Row Program Name
k-space or Z-space k-space or Z-space of  k-space or Z-space #
of the Sinc Filter. of
the transfer function No use of Adaptive the Sinc Filter.
(TF). Sampling Use of Adaptive
The TF is calculated (First Configuration) Sampling
using Bessel, (Second
Butterworth, or Configuration)
Chebyshev
polynomials
ON OFF ON 1 ImageReconstruction2025v1
OFF OFF ON 2 ImageReconstruction2025v2
ON ON OFF 3 ImageReconstruction2024v5
OFF ON OFF 4 ImageReconstruction2024v6
5 kSpaceBesselFilter2024
6 kSpaceButterworthFilter2024
ON OFF OFF 7 kSpaceChebyshevFilter2024
8 ZSpaceBesselFilter2024
9 ZSpaceButterworthFilter2024

[y
o

ZSpaceChebyshevFilter2024

3.2. Comparison with Existing Methods

Figures 4 and 5 expand the presentation of the results showing the effect of the filtering procedures
reported in each of the rows of Table 1. Figure 4, which is composed of four rows of images, presents
results obtained by the four procedures reported in Table 1 in rows 1, 2, 3, and 4, respectively. The top
row of Figure 4 makes use of the procedure visible in row 1 of Table 1; the second row from the top in
Figure 4 refers to row 2 of Table 1, and so forth. Figure 5 displays images obtained by the procedures
reported in Table 1 in rows 5 through 10. Each row of Table 1 describes the software program name that
implements the filtering procedure.
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Table 2. Filters’ parameters for Figures 1, 2, and 3. The table is composed of sub-tables: the one on top for Figure
1, the one in the middle for Figure 2, and the one at the bottom for Figure 3. Each sub-table reports two cases
processed using the Fourier convolution theorem (see (a) and (c)), and two more cases processed using the Fourier
convolution theorem extension to Z-space (see (b) and (d)). The Z-transform uses the complex numbers shown in
the table. Bessel, Butterworth, and Chebyshev filters use the cut-off frequency, number of poles, bandwidth, and
sampling frequency located in the table. The second configuration of the Sinc Filter uses the sampling frequency

as indicated in the table.

Bessel in Z-space -

Bessel in k-space -

Bessel in Z-space -

Filter Bessel in k-space -
case (a) in case (b) in case (c) in case (d) in
Parameters figure 1 figure 1 figure 1 figure 1
Complex - (0.5+i0.5) - (0.3+i0.5)
Number
Cut-off F. 2.5 2.5 2.5 2.5
N. of Poles 5 2 5 5
Bandwidth 0.0013 0.0445 0.0445 0.0013
Sampling 0.13 0.145 0.445 0.013
Frequency
Sampling 1.5 1.5 2.3 2.3

Frequency of
the Sinc Filter

Butterworth in Z-

Butterworth in k-

Butterworth in Z-

Filter Butterworth in k-
space - case (a) in space - case (b) in space - case (c) in space - case (d) in
Parameters Figure 2 Figure 2 Figure 2 Figure 2

Complex - (0.5+i0.5) - (0.5+i0.5)
Number

Cut-off F. 2.5 2.5 2.5 2.5
N. of Poles 5 5 5 5
Bandwidth 0.0013 0.013 0.00445 0.00445
Sampling 0.13 0.13 0.445 0.445
Frequency

Sampling 15 1.5 2.3 2.3

Frequency of
the Sinc Filter

Chebyshev in k-

Chebyshev in Z-

Filter Chebyshev in k- Chebyshev in Z-
space - case (a) in space - case (b) in space - case (c) in space - case (d) in

Parameters Figure 3 Figure 3 Figure 3 Figure 3

Complex - (0.3+i0.1) - (0.3+i0.1)

Number

Cut-off F. 2.5 2.5 2.55 2.55

N. of Poles 5 6 4 4
Bandwidth 0.0013 0.0013 0.45 0.45

Sampling 0.13 0.13 1.45 1.45
Frequency

Sampling 15 1.5 2.3 2.3

Frequency of
the Sinc Filter

4. Discussion

It is worth recalling that the word adaptive filtering in this paper is not strictly related to the norm in the
literature that relates to the design of time-domain and frequency-domain adaptive filters. The difference
is that the adaptive feature of the algorithm presented in this paper aims to bring to the filter transfer

function the changeability of the Sinc function.
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Figure 1. Evidence of effective combined use of the Sinc Filter and the Bessel filter. The figure shows the images
of the filtering procedures. There are 4 procedures, 2 in k-space and 2 in Z-space. For each of them a transfer
function is generated by making use of the Bessel polynomial. The Fourier convolution theorem reconstructs the
MRI by inverse Fourier transform of the pointwise multiplication of the k-space of the Bessel filter, the k-space of
SF, and the k-space of MRI. The extension of the Fourier convolution theorem to Z-space reconstructs the MRI by
inverse Z-transform of the pointwise multiplication of the Bessel filter, the Z-space of SF, and the Z-space of MRI.
Table 2 reports the parameters used in each of the filtering procedures.
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Figure 2. Evidence of effective combined use of the Sinc Filter and the Butterworth filter. Like in figure 1, there
are 4 procedures, 2 in k-space and 2 in Z-space. The transfer function is generated using the Butterworth
polynomials. The Fourier convolution theorem makes use of the k-space of the Butterworth filter, the k-space of
SF, and the k-space of the MRI. The extension of the Fourier convolution theorem to Z-space makes use of the Z-
space of the Butterworth filter, the Z-space of SF, and the Z-space of MRI. Table 2 provides the parameters used

by the filters.
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k-space of MRI Transfer Function
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Figure 3. Evidence of effective combined use of the Sinc Filter and the Chebyshev filter. First and third row — The
filtered MRI was obtained using the Fourier convolution theorem. Image reconstruction was obtained by inverse
Fourier transform of the pointwise multiplication of the k-space of the Chebyshev filter, the k-space of the SF, and
the k-space of the MRI. Second and fourth row — The filtered MRI was obtained using the extension of the Fourier
convolution theorem to Z-space. Image reconstruction was obtained by inverse Z-transform of the pointwise
multiplication of the Z-space of the Chebyshev Filter, the Z-space of the SF, and the Z-space of the MRI. Table 2
reports the numerical values of the parameters involved in these computations.
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Table 3. Filter parameters for figures 4 and 5. The Z-transform uses the complex number shown in the table.
Bessel, Butterworth, and Chebyshev filters use the cut-off frequency, number of poles, bandwidth, and sampling
frequency as indicated in the table. The first configuration of the SF (executed by ImageReconstruction2024v5)
uses the sampling frequency and the value of the bandwidth in accordance with the Nyquist theorem (see
equations (15) and (16)). The second configuration of the SF (executed by ImageReconstruction2025v1 and
ImageReconstruction2025v2) uses the sampling frequency and the pixel-local scaled k-space (see the adaptive
bandwidth in equations (20) and (21)). The two right-most columns connect to figures 4, 5, and table 1.

Filter Parameters ca CFb N Bd SFe SFf K-Zs Fh Figs.! Table
1i
Program Name

ImageReconstruction2025v1  (0.3+i0.1) 2.5 5 0.0287 0.287 0.87 z Bessel Fig. 4, 1
row 1

ImageReconstruction2025v2 - - - - - 0.87 k - Fig. 4, 2
row 2

ImageReconstruction2024v5  (0.3+i0.1) 255 5 0.0287 0.287 - z Butterworth  Fig. 4, 3
row 3

ImageReconstruction2024v5  (0.3+i0.1) 2.55 4 0.0287 0.287 - z Chebyshev Fig. 4, 3
row 3

ImageReconstruction2024v6 (0.3 +i0.1) - - - - - z - Fig. 4, 4
row 4

kSpaceBesselFilter2024 - 2.7 5 0.0017 0.17 - k Bessel Fig. 5, 5
row 1

kSpaceButterworthFilter2024 - 2.7 3 0.0017 0.17 - k Butterworth  Fig. 5, 6
row 2

kSpaceChebyshevFilter2024 - 255 6 0.0287 0.287 - k Chebyshev Fig. 5, 7
row 3

ZSpaceBesselFilter2024 (0.3+i0.1) 25 5 0.0287 0.287 - z Bessel Fig. 5, 8
row 4

ZSpaceButterworthFilter2024 (0.3+i0.1) 2.7 3 0.0287 0.287 - z Butterworth  Fig. 5, 9
row 5

ZSpaceChebyshevFilter2024  (0.3+i0.1) 245 6 0.0287 0.287 - z Chebyshev Fig. 5, 10
row 6

2 Complex Number. ° Cut-off Frequency. ¢ Number of Poles. ¢ Bandwidth. ¢ Sampling Frequency. f Sampling Frequency of
the Sinc Filter. & k-Space / Z-space. " Filter.' Figs. 4, 5, row # from the top.’ Table 1 row # from the top

In fact, the Sinc Filter (SF) in this paper is a sum of Sinc functions calculated on the uneven grid of the
Radon two-dimensional domain. Moreover, this paper designs an adaptive filtering procedure in image
processing through the reconstruction ability of the Fourier convolution theorem [6] and its extension to
the Z-domain [7]. So, both in principle and in practice (implementation), this paper differs from the
traditional theory on adaptive filters designed and used in signal processing.

5. Conclusions

The Sinc Filter can have two configurations. The first configuration uses a predetermined pair of values of
the bandwidth and the sampling rate that comply with the Nyquist theorem. The second configuration
uses the pixel-local scaled k-space as the adaptive bandwidth in combination with the value of the
sampling rate. The SF is compared to six frequency domain filters. First, evidence of effective combined
use of the Sinc Filter and the 6 frequency domain filters is given in figures 1, 2, and 3. Second, the
comparison with the 6 frequency domain filters is qualitatively illustrated in figures 4 and 5. The main
difference between the SF and the aforementioned 6 frequency domain filters is its smoothing effect. In
the experiments presented in this paper, the principal qualitative effect observed while using the SF is

ejmtb.wbu.edu.al - Diamond Open Access - CC BY 4.0 35



Eur J Med Transl Biosci - Volume 1 - Issue 1 - 2026

soft smoothing of the MRl images. Although not presented by the results on display in this paper, the Sinc
Filter also displays edge-finding behaviour, and this happens when the SF applies high-pass filtering. This
aspect will be the object of presentation in a later research paper. The limitation of the SF filter is the
computational demand. The computational time of the programs running on a PC with 6.00 GB RAM and
an i5 Intel 3.30 GHz processor is at most 7 mins and 5 sec. In conclusion, the main benefit of SF is to
provide soft smoothing.

Z-space of Transfer Function Filterdd MRT

Sine Filter

»

~
Pixel-Local Scaled W Filse? Z-space of Filtereﬁ MRI

k-space Sinc Filter

Transfer Function Z-spice of Filtered MRI a

Trslsfer Fun c")n

Butterwortl

Filtered MRI

A
¥ ..\

Figure 4. Images obtained by low-pass filtering procedures that use the Sinc Filter. The images have two
references. One is table 1, which reports the filtering procedures, and the other one is table 3, which reports the
parameters used for the calculations. There are four rows in this figure and each of them shows images calculated
using the experimental setting reported in the first four rows of table 1 and the first five rows in table 3.
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k-space of
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Figure 5. Filtering procedures that are listed in table 1 rows 5 through 10, and table 3 in rows 6 through 11. These
6 cases use 3 k-space filters and 3 Z-space filters. The transfer functions are calculated using Bessel, Butterworth,
and Chebyshev polynomials. The parameters of the filters are reported in table 3. Note the arrows pointing to a
detail in the MRI. The detail is filtered out in row 1 (see filtered image), row 2 (Butterworth), row 4, row 5, and it
is preserved in rows 3 (Chebyshev), and 6.
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